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Abstract. Let G be a torus acting linearly on a complex vector space 
M, and let X be the list of weights of G in AI. We determine the 
equivariant /sT-theory of the open subset of M consisting of points 
with finite stabilizers. We identify it to the space DM{X) of functions 
on the lattice G, satisfying the cocircuit difference equations associated 
to X, introduced by Dahmen-Micchelli in the context of the theory of 
splines in order to study vector partition functions (cf. [3). 

This allows us to determine the range of the index map from G- 
transversally elliptic operators on M to generalized functions on G and 
to prove that the index map is an isomorphism on the image. This is 
a setting studied by Atiyah-Singer [T] which is in a sense universal for 
index computations. 



1. Introduction 

In 1968 appears the fundamental work of Atiyah and Singer on the index 
theorem of elUptic operators, a theorem formulated in successive steps of 
generality ([2], [3]). One general and useful setting is for operators on a 
manifold M which satisfy a symmetry with respect to a compact Lie group 
G and are elliptic in directions transverse to the G-orbits. The values of the 
index are generalized functions on G. 

In his Lecture Notes [l] describing joint work with I.M. Singer, Atiyah ex- 
plains how to reduce general computations to the case in which G is a torus, 
and the manifold M is a complex linear representation Mx = (BaexLa, 
where X C G is a finite list of characters and La the one dimensional com- 
plex line where G acts by the character a G X. He then computes explicitly 
in several cases and ends his introduction saying 

" ... for a circle (with any action) the results are also quite explicit. 
However for the general case we give only a reduction process and one might 
hope for something explicit. This probably requires the development of an 
appropriate algebraic machinery, involving cohomology but going beyond 
it." 

The purpose of this paper is to provide this algebraic machinery, which 
turns out to be a spinoff of the theory of splines, and complete this com- 
putation. In fact we show that, once one has guessed the right formulas, 
the actual computations are obtained using directly the basic properties of 
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K- theory and turn out to be quite simple. In particular they neither in- 
volve computations of the index of specific operators nor any sophisticated 
commutative algebra. Let us now explain in some detail the content of the 
paper. 

We denote by TqM the closed subset of r*M, union of the conormals to 
the G orbits. The symbol ct(x, ^) of a pseudo-differential transversally ellip- 
tic operator ^ on M determines an element of the equivariant ii'— theory 
group Kq{TqM) which is defined in a topological fashion. The analytic 
index of the operator A is the virtual trace class representation of G ob- 
tained as difference of the spaces of solutions of A and its adjoint A* in an 
appropriate Sobolev space. This index depends only of the class defined by 
a in Kq{TqM), so that the index defines a R{G) module homomorphism 
from Kq{TqM) to virtual trace class representations of G. 

Let V be the dual of the Lie algebra of G, so that G is identified with the 
set r of weights of G, a lattice in V . Denote by C[r] the space of Z valued 
functions on T. A trace class representation of G can be decomposed as 
a direct sum G = ®^gr/(7)-^^7 ■, where / € C[r] is a function on T with at 
most polynomial growth. We say that / is the multiplicity function of B. We 
also denote by Q{g) the trace of the representation 0. It is a generalized 
function on G. In this article, we determine the subspace TiX) of C[r] 
arising from multiplicities of indices of transversally elliptic operators on 
Mx- In fact, we study the more general case of a non necessarily connected 
compact abelian group G, as, in recurrence steps, non connected subgroups 
of G appear. However in this introduction, we stay with the case of a torus, 
that is a direct product of circle groups . It is also harmless to assume 
that G acts on M without non zero fixed vectors, and we do so. 

In PI, the image of the index map is described explicitly for S"^ and 
implicitly in general by a constructive algorithm. It is useful to recall Atiyah- 
Singer's result for the simple case where G = acts by homotheties on 
Mx = C'^"'"^. We denote by t the basic character of := {t \ \t\ = 1}, so 
that R{G) = Z[t, i"^] and X = [t,t, ... ,t] , k + 1 times. 

First Atiyah-Singer constructed a "pushed" d operator on Mx, with in- 
dex the trace of the representation of G in the symmetric algebra S{Mx). 

("fc ~ *'""'"^^fc!^"^^^ ^® dimension of the space of homogeneous poly- 
nomials in A; -|- 1— variables and degree n, the character of S"^ in S{Mx) = 
(B'^=qS'^{Mx) is the generalized function 

e..):^|("r)- 

Remark that n i— > C^^'^) extends to a polynomial function on Z. For any 
n positive or negative, the function n i-^ ("fc'^) represents the dimension of a 
virtual space, the alternate sum of the cohomology spaces of the sheaf 0{n) 
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on k— dimensional projective space. In particular, the tangential Cauchy- 
Riemann operator on the unit sphere S2k+i of C'^^^ is a transversally elliptic 
operator with index 

n=—oo ^ 

a generalized function on G supported at t = 1. Then it is proved in [1] 
that the index map is an isomorphism from Kq(TqMx) to the space fi{X) 
of generalized functions on G generated by Qx and Ox under multiplication 
by an element of R{G) = Z[t,t~^]. In fact the R{G) module generated by 
@x is free over R{G). The R{G) module generated by 0x is the torsion 
submodule. This submodule is the module of polynomial functions on Z of 
degree at most k so it is a free Z- module of rank k + 1. It corresponds to 
indices of operators on C'^^^ — {0}, the set where acts freely and is the 
space of solutions of the difference equation V'^/ = where we define the 
operator V by (V/)(n) = /(n) — f{n — 1). 

In higher dimensions, the single difference equation V^f = must be re- 
placed by a system of difference equations, discovered by Dahmen-Micchelli 
as the natural generalization of a system of differential equations associated 
to splines in approximation theory. 

This is the system of difference equations Vy/ = associated to cocircuits 
y of X (X C r, a sequence of weights of G). 

Let us recall the definitions introduced in [6]. 

• A subspace r of y is called rational if r is the span of a sublist of X. 

• A cocircuit y in X is a sublist of the form Y = X \ H where H is a 
rational hyperplane. 

• Given a € F, the difference operator Vq is the operator on functions 
/ on r defined by V.(/)(6) := f{b) - f{b - a). 

• For a list Y of vectors, we set Vy := Jlagy ^ a- 

• The Dahmen-Micchelli space introduced in [7J is the space 

DM{X) := {/ I Vy/ = 0, for every cocircuit Y in X}. 

It is easy to see that DM{X) is finite dimensional and consists of quasi- 
polynomial functions. We describe it in detail in ^ In [5], we introduced 
non homogeneous difference equations and defined 

jr(X) := {/ I Vx\rf is supported on r for every rational subspace r}. 

Clearly DM{X) is contained in J^{X). 

We denote by J^{X) the space of functions generated by J^{X) under 
translations by elements of F. Thus, J^{X) is the space of functions / S C[F] 
such that ^ x\rf is supported on a finite number of F translates of r for 
every proper rational subspace r. Both J-{X) and ^{X) have a very precise 
description given by Formulas (jl4p and (jl6p . Our main theorem is: 
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Theorem 1.1. Let Mx ■= (BaexLa- Then the index multiplicity map in- 
duces an isomorphism from Kq{TqMx) to T{X). 

Our proof is inspired by Atiyah-Singer strategy. We start by determining 
the equivariant iC-theory of TqM^, Mj^ being the open subset of Mx of 
points with finite stabiUzers. Here we assume that X spans V. If s denotes 
the dimension of G, we prove 

Theorem 1.2. i) We have isomorphisms 

mM{) - K%{T*aMf,) DM{X) 
where indm is the index multiplicity map. 

We then study the equivariant K -theory of the space TqMx by induction 
over the natural stratification of Mx = ^iFi, using as strata Fi the union 
of all orbits of dimension i. 

Let us comment on our method. The proof of the exactness of several 
important sequences is based on the purely combinatorial fact that, if X := 
[a, Z] is formed by adding a vector o to a list Z, then the map 

Va : DM{X) DM{Z) 

is surjective and its kernel is also a space DM(Z). This is just one of the 
several incarnations of the deletion and restriction principle in the theory of 
hyperplane arrangements (see [9] ) . It also corresponds to a natural geometric 
description of the zonotope B(X) (cf. [5j) which we do not discuss here. 

We give an elementary proof of this result based on a construction of 
generators for DM{X). This is done in the first two sections. Although 
hidden in the proof, this system of generators corresponds to the generators 
given by Atiyah-Singer of Kq{Mj^). 

We can deduce easily generators for Kq{TqMx) from Theorem II. li Con- 
sider all possible complex structures J on Mx obtained in the following 
way. We consider any decomposition of X in A and B so that the cone 
C{F) := C{A, —B) spanned by A and —B is a pointed cone. We then take 
the conjugate complex structures on the lines L^, with b € B. Then, to 
this complex structure J is associated a "pushed" transversally elliptic d 
operator on Mj with symbol Atj £ Kq(TqMx)- We recall the definition of 
At J in (15. 9p . As a consequence of our theorem, we obtain a simple proof of 
Atiyah-Singer system of generators for Kq{TqMx)- 

Theorem 1.3. The symbols Atj generates the R{G) module Kq{TqMx)- 

The generalized functions associated to DM{X) are distributions sup- 
ported on a certain finite subset P{X) of G, namely the points p G 
having a fixed point in M^. We will pursue in a subsequent article the de- 
scription of the equivariant cohomology of Mj^ and of the natural strata of 



INDEX THEORY 



5 



Mx, and relate this to the local components of the distributions associated 
to DM{X) at a point p G P{X) and other fixed points. 



2. Combinatorics 

2.1. Notations. Let G be a compact abelian Lie group of dimension s with 
character group T. If 7 € T, we denote by Xyid) '■= 9^ the corresponding 
homomorphism x-y '■ G ^ S^, where := {tt G C | \u\ = 1}. 

This suggestive notation for characters is justified by the following. If 
H = (5^)^ is the product of N copies of the circle, then every character 
of H is of the form (iti, U2, . . . , un) uj^ ■ ■ ■ uff where the 7^ are integers. 
We denote this character by the multi-index notation u ^ ^ where 7 = 
[7i)72, • • • ,7jv] € '^^ ■ Take now a closed subgroup G of H, then every 
character of G is also of this form where now 7 is in a quotient F of the 
lattice Z^. 

Wc consider here G as an abstract compact abelian Lie group, so that 
r is a discrete finitely generated abelian group. The group law on the 
character group F of G will be denoted additively. If 71, 72 £ F, the character 
associated to 71 + 72 is the pointwise multiplication 

X7i+72(5) = XiA9)Xi2{9) = 9^^ 9^^ = 5^'^^' 

of characters. 

Let U := g be the Lie algebra of G and V := the dual vector space. 

The spaces U^V are real vector spaces of dimension s. Denote by G^ the 
connected component of the identity of G, so that G^ is a connected torus 
with Lie algebra U , the group G/G^ is a finite group, and G is isomorphic, 
although not in a canonical way, to G^ xG/G^. We denote by F^ the torsion 
subgroup of F, identified with the character group of the group G/G^. Then 
the quotient group F/Fj may be identified with the weight lattice A of G'^, a 
lattice in V, as follows. Let 7 G F and g & G^ and write g = exp(X), where 
X E Q. Then we can write g'^ = g'^^^i^'^) ^ where A G A is an clement of 
the weight lattice. In other words, the linear form A G A is the differential 
dX'j '■ 9 Lie(5'^) ~ M of the character Xj ■ G ^ S^, where the exponential 
map M ^ 5^ is given by u — > e^*'^". 

If 7 G F, then we denote by 7 G F the corresponding element of the 
weight lattice F/F^ = A C 

Let C[F] be the space of functions on F with values in Z. We consider C[T] 
as a F module, by associating to 7 G F the translation operator T^f{v) := 
f{^~l)- We set = 1 — and call it a difference operator. 

Given a finite list Y of elements of F, we set Vy := HaeY ^^so we 
set ay := Y^^eY « ^nd ay := X^„gy a. 
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3. The space DM {X) 

We introduce here the basic space of functions DM{X) on F, which can 
be thought of as a multi dimensional generahzation of suitable binomial 
coefficients. 

Let us fix a finite non empty list X of characters in T. Associated to X, 
we get a list of vectors X := {a\a £ X} m A CV. 

Any non-zero element a G X defines a hyperplane in U. Thus, we asso- 
ciate to X the hyperplane arrangement fix in U whose elements are all the 
intersections of the hyperplanes associated to the non-zero elements of X. 
Given a set or list of vectors ^ in we denote by {A) the subspace spanned 
by A 

Definition 3.1. A subspace r of 1^ is called rational (relative to X) if it is 
spanned by a sublist Y of X. 

The set of all rational subspaces associated to X will be denoted by Sx, 

(i) 

and the subset of rational subspaces of dimension i by Sj^ . 

If y is a sublist in X, the rational subspace spanned by Y will be some- 
times denoted, by abuse of notations, by (Y) := (Y). Similarly, by abuse 
of notations, we will often transfer to X definitions which make sense only 
for X. For example, ii a £ X and F is a subset of U, we will say that o 
is positive on F if a is positive on every element u of F. If A is a list of 
elements of X, we will say that A spans a pointed cone if A spans a pointed 
cone. We then denote by C{A) the elements of F which are non negative 
integral linear combinations of elements of A. If r is a rational subspace of 
V, we write X Dr (resp. X\r) for the set of elements a £ X such that a £ r 
(resp. a ^ r). 

Definition 3.2. If r has codimension 1, that is r is a rational hyperplane, 
the sublist X \ r will be called a cocircuit. 

Our list X of elements in F defines a set of subgroups of G. If a G X, we 
denote by Ga the kernel of the corresponding character g : G ^ S^. 

The set of all connected components of all intersections of these subgroups is 
a finite family of cosets of certain tori and is called the real toric arrangement 
associated to X. We let 7J be the set of tori of dimension i contained in 
this arrangement. 

Notice that there is a 1-1 correspondence between the tori in and the 
rational subspaces of codimension i by associating to T the space (Xx), Xt 
being the characters in X containing T in their kernel. 

We are ready to introduce the space of functions DM{X). This space is a 
straightforward generalization of the space introduced by Dahmen-Micchelli 
for vectors in a lattice. The extension to any finitely generated abelian group 
is very convenient for inductive constructions as we shall see in Theorem 

Km 
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Definition 3.3. The space DM{X) is the space of functions / € C[r] which 
are solutions of the hnear equations Vx\rf = as r runs over all rational 
hyperplanes contained in V. 

In other words, the space DM(X) is the space of functions / € C[r] which 
are solutions of the linear equations Vy/ = as y runs over sublists of X 
such that X \ y do not generate V 

In particular, if X' is a sublist of X, the space DM{X') is a subspace of 
DM{X). 

Example 3.4. If G = S*^ x Z/2Z, T = Z x Z/2Z. Take the list X = 
{1 + e, 2 + e}, where n = 1, 2 denotes the character Xn{t) = of and e 
the non trivial character of Z/2Z. Then DM{X) consists of the functions / 
such that for every 7 G F 

/(7)-/(7-l-e)-/(7-2-e) + /(7-3) = 0. 

It is then clear that / is uniquely determined by the values it takes on the 
points 0, —1, —2, — e, — 1 — e, — 2 — e and it is a free abelian group of rank 6. 

Notice that, if T = T^ is finite, then DM{X) = Z[r] and docs not depend 
on X. Also, if the joint kernel of all the elements in X is of positive dimen- 
sion, DM{X) = since = Vx\(x) = 1- I^i view of this, we are often 
going to tacitly make the non degeneracy assumption that {X) = V^ {0}. 

Under this assumption, DM{X) is the space of solutions of the equations 
Vy/ = as y runs over all cocircuits. 

Remark 3.5. li X = [A, B] is decomposed into two lists, and if X' = [A, —B] 
is obtained from the list X by changing the signs of the elements b in the 
sublist B, then DM{X) = DM{X'). 

3.6. Convolutions in the space C[r]. The purpose of this and the follow- 
ing section is to exhibit explicit elements in DM{X), which have a natural 
interpretation in index theory. 

If 7 G r, we denote by the function on F identically equal to on T, 
except for Sj{'y) = 1. With this notation, we also write an element / G C[T] 
as 

■yer 

The support of a function / G C[T] is the set of elements 7 G F with 
7(7) 7^ 0. If S* is a subset of V, we will say, by abuse of notations, that / is 
supported on S" if 7(7) = except if 7 G 5. 

Remark 3.7. If <S'i,S'2 are the supports of /i,/2, the convolution product 
fi * ji is defined when, for every 7 G F, we have only finitely many pairs 
(71, 72) & Si X S2 with 7 = 71 -I- 72. Then 

(/l*/2)(7)= Yl /i(7i)/2(72). 

7l6'S'i,72eS2 1 71+72=7 
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In particular, if7 G F, (5^*f){x) = /(x— 7) = (r-y/)(x). Thus convolution 
with elements of finite support, i.e. elements in Z[T] = R{G), gives the R{G) 
module structure on C[r] already introduced. 

Recall that, for 7 G F, we denoted hy g g'^ the corresponding function 
on G. 

If / G C[T] has finite support, the function g X^^gp f{l)9^ is a complex- 
valued function on G with Fourier coefficients /(7). When / is arbitrary, 
we also write the formal series of functions on G defined by 

e(/)(5) = E/W5"- 

This is usually formal although, in the cases of interest in this paper, it 
may give a convergent series in the sense of generalized functions on G. 
We denote by C~°°(G) the space of generalized functions on G. The space 
C°°{G) of smooth functions on G is naturally a subspace of C^°°{G). We 
will often use the notation 0(5) to denote a generalized function O on G 
although (in general) the value of 6 on a particular point g oi G does not 
have a meaning. By definition, G is a linear form on the space of smooth 
densities on G (satisfying suitable continuity conditions). 

In fact, all the elements / = J^^yfil)^! that we shall consider have the 
property that the function 7(7) has polynomial growth at infinity. This 
implies that the series ©(/) converges in the distributional sense, and / can 
be interpreted analytically as the Fourier series of a C~°° function ©(/) 
on G. The convolution product on /i,/2 (if defined) corresponds to the 
multiplication (if defined) of the functions &{fi){g)Q{f2){9)- 

If 7 G F is of infinite order, we set: 

00 

:= ^ (5fc^. 
fe=o 

The function is supported on the "half line" Z>o7 and is the discrete 
analogue of the Heaviside function. In fact V^H^ = 5q. 

Let A = [oi, a2, . . . , a„] be a finite list of vectors in F \ Ft such that A 
spans a pointed cone in V ^ and consider the generalized cone 

n 

G{A) ■- {^m^aj, G Z>o} C F. 

i=l 

which, according to our conventions, we treat as a pointed cone. 

We easily see that every element 7 G C{A) can be written in the form 
7 = X^^i^niaj, rrii G Z>o only in finitely many ways. It follows that the 
convolution Ha given by 

Ha ■■= Hai*Ha2*---* Ha„ 

is well defined and supported on G{A). 
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3.8. The function V^^. Given a rational subspace r, X \ r defines a 

hyperplane arrangement in the space r-^cU orthogonal to r. Take an open 
face Fr in r"*" with respect to this hyperplane arrangement. By definition a 
vector u G r-*- and such that {u,a) ^ for all a G X \ r lies in a unique such 
face Fr. 

We get a decomposition of X\r into the two lists A, B of elements which 
are positive (respectively negative) on F^. We denote by C(F^, X) the cone 
C{A, —B) generated by the list [A, —B]. Then C(A, —B) is a pointed cone. 

Notice that, given a G F, we have V a = —TaV -a- 

We are going to consider the function V-^ which is characterized by the 
following two properties. 

F 

Lemma 3.9. There exists a unique element V-^^, G C[r] such that 

F 

a) 'PjY'\r ^"^ supported in —hs + C{A, —B). 

F 

Proof. We define V-^^ by convolution product of "Heaviside functions" : 

(1) V^^^ = {-1)\^\5^,,*Ha*H^b 

where he = Ebesb- As (riaexVr Va) = {-ly^'^n^iUaeA'^ambeB^-b), 
we see that Vj^r ^^^^ defined, satisfies the two properties and is unique. 

□ 

Remark 3.10. When G is connected so that F is a lattice, this function was 
constructed in [6]. 

It is easily seen that the series Yl-yer'^xxA'^^s'' defines a generalized 

F ~ F 

function 0^,^^, on G such that naex\r(l ~ 9"')®x\ri9) = 1 on G. Thus 
Oj^y^(g) is the inverse of Ylaex\ri^~9"^)^ ™ space of generalized functions 
on G, with Fourier coefficients in the "pointed cone" G{A, —B). 

We can generalize this as follows. Choose an orientation of each r G Sx- 

(i) 

Take a pair of rational subspaces r G and t G S-^ with rCt. We say 
that a vector v in t \ r is positive if the orientation on t induced by v and 
the orientation on r coincides with that chosen of t. Set 

A = {a e X Ci t\a is positive}, B = {b e X nt\b is negative}. 

We define 

(2) 7^1+ := * Ha * H^B, 

(3) V[- := (-l)l^l5-a^ * Hb * H^A. 

The function Vp~ is supported on the cone — J2b€B ^ + C{A, —B) while 
is supported on the cone — J2aeA ^ + ^4, B). 
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(i) 

Definition 3.11. Take a pair of oriented rational subspaces r £ Sj^ and 
t E 55+^^ with r C t. We define 

Q|(X) =V^^ -V^f. 

If X is fixed, we will write simply Q| instead of ^^{X). 

Similarly , Qr define generalized functions on G. 

Definition 3.12. We set 

(4) ef{9):=Y,'P'^{l)9\ 

(5) B{{g) := ^(y) - 9',{g) = J] Q|(7)ff^ 

Let us use the notation Dyi^g) := naey(l ~ d'^)- Then 

(6) D^x\i)\r{9)0t^9) = 1, 
so that 

D{x\t)\r{9)0l{g) = 0. 
Set := rnr equal to the pre-image of APlr under the quotient F ^ A. 
If / is a function on F^, the hypotheses of Remark 13.71 are satisfied and we 
can perform the convolutions * f. So convolution by Qr induces a map 

U^:C[Tr]^C[Tt], f^QUf- 
Given a rational subspace r, let us consider the space DM{X n r) inside 

c[rj. 

The following statement is similar to Proposition 3.6 in [6]. 
Proposition 3.13. n| maps DM{X Hr) to DM{X nt). 

Proof. Let Y := X Fir, Y' := X nt. If T C is a cocircuit in Y' , we need 
to see that Vt(Q| * /) = for each / G DM{X n r). 
By definition 

^aubV[+ = VAuBV'f = 5o 
so that, HT = AUB = Y'\Y, 

^T{Qi*f) = (VtQ£)*/ = 0. 
Otherwise, the set y fi T is a cocircuit in Y and then VyhtI = 0. So 
Vt(Q| * /) = (Vr\y Q|) * (VynT/) = 0. 

□ 

This proposition gives a way to construct explicit elements of DM(X). 
Take a flag cj) of oriented rational subspaces = Zq C C r2 C ■ ■ ■ C = V 
with dim(rj = i. Set Qi := V^^^ — 'P^l_^, then 
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Proposition 3.14. 

(7) := * Q2 * • • • * Qs 
lies in DM{X). 

Set 9f{g) := 0^^^^{g) the corresponding generalized functions on G, then 
their product is well defined. We set 

s 

(8) 9{ (g) ■■=11^0^9)- or (g)). 

i=l 

3.15. Removing a vector. In this section, we prove the key technical re- 
sult of this article, that is Theorem 13.171 

Given a subgroup ^ C F, we identify the space Cfr/^f] of Z valued func- 
tions on T/^ with the subspace of C[T] formed by the functions constant 
on the cosets of In particular, given a G F, a function is constant on the 
cosets of Za if and only if Vq/ = 0. Therefore the space C[r/Za] is identified 
with ker(Va). 

We define 

(9) ia : C[T/'La] ^ ker(Va), iaU){^) ■= fi^ + ^a). 

The space DM{X n r) is a space of functions on F^ := F n r. We embed 
C[FJ into C[F] by extending each function by to the entire F outside Fflr. 

Definition 3.16. Define DM'^^\Xr\r) to be the R{G) submodule of C[F] 
generated by the image of DM{X Dr) inside C[F]. 

Let us assume now that X is non degenerate. Using Proposition 13. 13] we 
obtain, for each r G ^\ a homomorphism 

: DM^^\X n r) ^ DM{X), Ur := 

of R{G) modules given by convolution with Qjf(X), the function given by 
Definition Em 

We can thus consider the map 

Ux : DM{X) 

where 

Take a € X of infinite order. Write X = [Z, a] and set Z to be the image of 
Z in Y I'La. 

Theorem 3.17. 1) We have an exact sequence: 

(10) ^ DM{Z) h DM{X) ^ DM{Z) 0. 
2) The map 

Ux -.H^ ^ DM{X) 

is surjective. 
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Proof. We proceed by induction on the number of elements in X. 

We know that the kernel of Va in C[r] equals ia{C\r /Za]). We first show 
that ker(Va) H DM(X) = ia{DM{Z)). This is clear since a cocircuit in Z 
is the image of a cocircuit in X not containing a. 

It is also clear that Va maps DM{X) to DM{Z). In fact, let T C Z be 
a cocircuit in Z, then T U {a} is a cocircuit in X. Thus ^rC^af) = if 
/ G I)M(X). 

Thus in order to finish the proof of the exactness of the sequence (llOp , it 
only remains to show that the map Va : DM{X) DM{Z) is surjective. 

If {a} is a cocircuit, that is if Z is degenerate, then DM{Z) = 0, the map 
ia is an isomorphism and there is nothing more to be proven. 

(•5—1) 

Assume that Z is non degenerate. Given r G S-^ , we have three 
possibilities. 

In the first two cases, we assume that a € r so that X ^^r_= (Z n r) U {a} 
and set r equal to the hyperplane in V/{a) image of r. 

i) Z Hr does not span r , that is r G Sx \ ■ In this case, we 
get the isomorphism 

l>m(^) (z n r ) ^ dm('^) {xnr). 

Furthermore 11^ ^ i^^ = i^^ 

ii) Z r\r spans r. In this case, by induction, we may assume that we 
have the exact sequence 

^ DAf("^) (Z n r) ^ DM('^) (X n r) ^ DM^^) (Z n r) ^ 0. 

Furthermore IIj. o ia = ia 

iii) a ^ r . In this case, we get an equality DM^'^\X Or) = DM^^\Z n 
r). Denote by Ilr{X),I\.r{Z) respectively the two maps given by 
convolution by the functions QY{X),QY{Z) associated to the two 
lists X and Z. We clearly have VaQ^{X) = (Z) and hence the 
identity njZ) = Van^(X). 

Define a map p : as follows. If r G ^\s^z 

, we are m case 

i) and we set p = on DM^^\Xr\r). In case ii) r G S*^ and a G r, we set 
p := Va : DM^'^^X H r ) — > DM^^\Z fl r), a surjective map by induction. 
Finally in case iii) r G S^^'^^ and a ^ r, then DM^'^\Xnr) = DM^'^\Znr) 
and we take p = Id the identity. 

We have thus that p is surjective and its kernel is the direct sum of 
DM^^\X n r) for r G 5^^^^ \ plus the direct sum of the kernels of 

the maps Va : DM^^\X n r) ^ DM^^\Z n r), over the r G S*^" with 
a G r. 

Let us next compare ker(p) with . The preimage in 1/ of a subspace 

(s— 2) (s— 1) 

u G 5^ is a subspace r G with a G r, thus a space of the first 

two types. By all the previous remarks, taking direct sums and assuming 
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(s— 1) 

by induction on dimension our result true for each list X fl r , r € S)^ , we 
deduce an exact sequence 

Furthermore the diagram 

0^ > > ^0 



(11) 



^ DM{Z) DM{X) — ^ DM{Z) 



commutes. 

By induction, the map liz is surjective. We immediately deduce the 
surjectivity of Va : DM{X) DM{Z), hence part 1). 

2) To finish, we have to prove the surjectivity of Tlx- By induction, both 
and Hz are surjective so that also Hx is, as desired. □ 

Let s := dimV, we say that a sublist b := {bi, . . . , 6s} of X is a basis if 
the elements 6 := {bi, . . . ,bs} form a basis for V. Let us denote by Bx the 
set of all such bases extracted from X. 

For each b £ Bx, the elements {bi, . . . ,bs} generate a lattice . . . , 6^) 
in A of some index d{b) (equal to the absolute value of the determinant or 
the volume of the corresponding parallelepiped) . 

The elements b generate a free abelian group and the subgroup Tt x 
is still of index d{b) in F. Set 

6{X) := d{b)- 
beBx 

The number S{X) has a geometric meaning, it is the volume of the zonotope 
B(X) := {X^aex ^oO. \ < ta < 1}. This is a consequence of the decomposi- 
tion of the zonotope into parallelepipeds of volume (cf. [5]). 

Corollary 3.18. DM{X) is a free Z[Tt]-module ofrank6{X). 

Proof. Notice that, if F is finite or X consists of torsion elements, our state- 
ment is trivially true. 

We now proceed by induction using the exact sequence (fTOl) . Thus, take 
a (z X an element of infinite order and write X = [Z,a]. By induction, the 
space DM{Z) is a free Z[Ft]-module of rank 6{Z), thus it suffices to see that 
DM{Z) is a free Z[Ft]-module of rank S{X) - S{Z). 

Set F = T/Za. By induction, DM{Z) is a free Z[F(] module of rank 
S{Z). On the other hand, since a is not a torsion element, Z[Ft] is a free 
Z[Ft]-module of rank |F(/Ft|. Thus it suffices to see that S{X) — S{Z) = 
\rt/Tt\S{Z). 

The number S{X) — 5{Z) is the sum, over all the bases 6 of X containing 
a, of the index d{h) of F^ x Z;, in F. Pass modulo a G 6 and denote by b the 
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induced basis in T. We see that 



rt\d{b) = ir/Zfci = |r/z^ 



rt\d{b) 



as desired. 



□ 



Remark 3.19. One could have also followed the approach of Dahmen-Micchelli 
to this theorem. Then one needs to show that the space DM{X) restricts 
isomorphically to the space of Z valued functions on any set 5(u \ X) := 
T D {u — B{X)) when u is a generic vector. In turn, this set is a union of 
5{X) cosets of Tt and this statement can be interpreted as saying that: 

The values on 5{u\ X) are initial values for the recursion equations given 
by the cocircuits. A function in DM{X) is completely determined by these 
values that can be assigned arbitrarily (see [5]). 

Proceeding by induction and using thesurjectivityofllx : DM{X) 
we immediately get 

Corollary 3.20. The elements , as (j) varies among complete flags of 
rational subspaces, span DM{X) as R{G) module. 

3.21. A basis for DM{X). This section is not needed for the paper but it 
gives a very precise description of DM(X). 

We assume that X is totally ordered in such a way that the torsion ele- 
ments follow the elements of infinite order. 

Take a basis b £ Bx- Given c G X, set 6>g = {b £b\c <b}. Define 
X^ = {c G X I c G (&>c)}- Since X^ is a sublist of X, we have that DM{X^ 
is~a subset of Dm\x). 

Now consider the complete flag (p^ of rational subspaces generated 

by i = l,...,s. We obtain the element Q^^ G DM{Xb) C 

DM{X). 

Choose a complete set C;, C T of coset representatives modulo the sub- 
group Tt X Zfo. To every pair (6, 7) with b G Bx and 7 G C^, we associate 
the element 



in DM{X). We can now state our 

Theorem 3.22. The set of elements Q^~^, o-s b varies in Bx cmd 7 in C^, 
is a basis of DM{X) as a iSTt] module. 

Proof. Let a in X be the least element. As usual, we can assume that it is 
of infinite order. As in the previous section, write X = [a, Z] and set Z to 
be the image of Z in F := T/Za. 

Take a basis b G Bx- If « does not lie in 6, then b G Bz- Observe that 

= Afc \ {a} and that for every 7 G C;, 



<l>bri ~ '^^^<l^b 
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Thus, by induction, the elements V a{Q^^^), as h varies in Bz and 7 in 
Cft, are a basis of DM{Z) as a '^[Tt] module. 

If on the other hand a lies in b, consider the corresponding basis b £ B^. 
Take the quotient map p : F — > F. It is clear that p maps Cb injectively onto 
a set of representatives of the cosets of F^ x in F. Define an equivalence 
relation on p{Ch) setting 7 ~ 7' if 7 — 7' G Fj x Tj^. If we choose an element 
in each equivalence class, we obtain a subset of F which we can take as Cj^. 

By induction, it is then clear that the set of elements p(^^y as b varies 

in B2; and 7 in Cf,, is a basis of DM{Z) as a Z[F(] module. Now observe 
that 

(12) ^^(QJpw) = <tr 

In fact, whenever one multiplies a function / = ia{g) € kerV^ by any 
element 5c (or by a series formed by these elements), one sees that 

(13) (5) =ia(5p(c)*5), VceF, V5GC[F]. 
Furthermore the elements (X^ \ {a}) fl r^, i > 2, map surjectively under p to 
the elements of Hrj/r^^ and thus the formulas defining the two functions 
on both sides of Equation (I12p coincide, factor by factor, for all steps of the 
fiag from Formula (jl3l) . 

Thus everything follows from the exact sequence (llOh . □ 

3.23. Support of DM(X). In this subsection, we are going to assume that 
X spans V. Otherwise DM(X) = {0} and our discussion is trivial. 

Recall that we have denoted by B{X) the set of all bases extracted from 
X. Let b = [61,62, ■ ■ ■ ,bs] be in Bx- Correspondingly we get an inclusion 
jh : — >■ F defined by jfe((ni, . . . , n^)) = Ylh=i ''^h^h and a surjective homo- 
morphism : G ^ {S^)^. We denote its kernel by G{b). This is a finite 
subgroup in G. We define 

Definition 3.24. i) P{X) is the union of all the sets G(6), when 6 
varies in Bx- 

ii) For g G, denote by Xg the sublist of elements of X taking value 1 
at g. 

Now consider the ring R{G) as a ring of functions on G, or better its 
complexification Gq. 

Lemma 3.25. Let V{X) denote the set of elements g £ Gc such that 
riaey (1 ~ S'") ~ ^' ^^^^ ^ runs over all cocircuits. Then V{X) = P{X). 

Proof. If 5 G ^(6) and y is a cocircuit, necessarily there exists an element 6, 
of 6 belonging to Y . Otherwise the complement of Y would not be contained 
in a proper subspace of V . So we have naGy(-'- ~ d'^) ~ ^- 
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Conversely take g G V{X), and consider Xg. We claim that Xg spans V, 
otherwise X \ Xg contains a cocircuit Y , and Haey ~ d"^) there is 

a basis b in Xg C X and therefore g £ G{b) □ 

Since the ideal Jx defines the finite set of points P{X), we have that 
C[r]/Jx is a semi-local algebra, direct smn of its local components at each 
point in P{X). 

Let us normalize the Haar measure on G to be of total mass 1. This allows 
us to identify generalized functions on G and distributions on G. Under this 
identification, call DM{X) the space of distributions on G of which DM(X) 
gives the Fourier coefficients. Thus, if p G G, the delta distribution at p is 
identified to the generalized function 

the Fourier transform of the element fp E C[r] given by /p(7) := . 

Any generalized function on G supported at p is a derivative of the 5 
function 5p, so is of the form 

7er 

where g is a polynomial on V. We have written 5(7) instead of g(7), where 
7 is the image of 7 in V. The function 9{p,q) is the Fourier transform of 

f{p,Q){i) =p~^'<iin)- 

From the definitions, DM£{X) is dual to the algebra C[r]/Jx thus, from 
Lemma [3.251 we deduce 

Proposition 3.26. The support of every element in DM{X) is contained 
in the finite set P{X). 

Moreover, once we take complex linear combinations of the elements in 
DM{X), we obtain a space of distributions which is the direct sum of the 
local contributions to DM(X) at each point p € P{X). In order to un- 
derstand these local contributions, we need to recall [6] the differentiahle 
Dahmen-Micchelli space D{X). 

Given a vector v ^ in y, we denote by the directional derivative 
associated to v. For a subset y of X , we denote by dy '■= YlaeY 

Definition 3.27. The space D(X) is the space of polynomial functions on 
V satisfying the system of differential equations 9y / = as y varies among 
all CO circuits of X. 

Remark 3.28. The space D(X) is a space of polynomials of finite dimension 
d{X): the number of bases of V extracted from X. It describes locally some 
important functions as the box-spline. 

We will prove in a subsequent article that D{X) is isomorphic to the G- 
equivariant cohomology with compact support of mC. Similarly, for each 
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g G P{X), the space D[Xg) is the G-equivariant cohomology with compact 
support of the submanifold (Mj^)^ consisting of fixed points by g in M^. 

The equivariant cohomology, as an algebra, is the algebra of differential 
operators with constant coefficients induced on D{X). 

The following proposition is proven in \t\. 

Proposition 3.29. Any function f in DM£{X) can be written uniquely as 

peP(x) 

where q G D{X.p). 

Proof. We recall briefly the proof. We have just seen that / G DM(X) can 
be written uniquely as / = ^ f{p, q) , where p G P{X) and g is a polynomial 
on V. 

We verify that Vyfip^q) = f{p,V{Y,p)q), where V{Y,p) = W^^yi'^ - 
p°'Ta). On polynomials, the operator {1—Ta)q{v) = q{v)—q{v—a) is nilpotent, 
so that (1 — p"'Ta) = (1 — p") — {p'^{Ta — 1)) is invertible when p"" ^ 1. 

Thus we split X in Xp U {X \ Xp) and see that ^vfip, = if and only 
^YnXpQ = 0. If y is a cocircuit of X, then Y Xp contains a cocircuit 
of Xp. Thus f{p,q) G DM{X), if and only if Vzq = for all cocircuits Z 
of Xp. Similarly, li v (z V, the difference operator V„ and the differential 

1 —0 

operator satisfy V„ = T^dy with = — - invertible on the space 
of polynomials. Thus we obtain that f{p,q) G DMc{X) if and only if 
q G D{Xp). □ 

Remark 3.30. Since each point p G PiX) is an element of finite order in G, 
we clearly see the quasi-polynomial nature of each summand f{p,q). 

4. The spaces T{X) and T{X) 

Following [6], we define 

Definition 4.1. The space J'{X) is the space of functions / G C[r] such 
that Vx\r/ is supported on r for every proper rational subspace r. 

Notice that, since DM{X) is the space of integer valued functions on T 
such that Vx\r/ = for each rational subspace r, DM{X) C J^{X). 

In [6], we have introduced the space J^{X) only when X is a finite list of 
characters of a connected torus G, but the discussion there repeats verbatim 
in this general case. We have a canonical filtration which we shall interpret 
geometrically in the next subsection. Consider ^x\r operator on J-{X) 
with values in C [T] . Define the spaces 

J'.iX) := n^ggC.-!) ker V^^^ n .F(X). 

Notice that by definition: J^o{X) = J^{X), Tdimvi^) is the space DM (X) 
and J-i^i{X) C J-i{X). It follows from the definitions that, for each t G S^-^ , 
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Vx\t maps J^i{X) to DM{X nt) and Tij^i{X) to 0. Consider the map 
= (eVx\i),g5W : J'iiX) ^ DM{Xm). 

With a proof entirely similar to the proof of Lemma 3.10 in [6j, we obtain 
the following theorem. 

Proposition 4.2. The sequence 

^ Ti+i{X) ^ T^{X) ^ DM{X n r) ^ 

is split exact with splitting: 

Ti{X) = Ti+i{X) e * DM{Xr\r). 

As a consequence we obtain a decomposition dependent upon the choices 
of the faces 

(14) HX) = DM{X) e ( e.esxlr^v * ^^(^ ^ r)) . 

Remark 4.3. From Formula (|14p and Theorem 13.221 one can describe an 
explicit linear basis for the abelian group J^{X). 

While DM{X) is a R{G) module, in general J-{X) is not stable under 
R{G), so we consider the R{G) submodule J^{X) in C[r] generated by T{X) 
and similarly for Ti{X). 

Remark 4.4. It is easy to see that, if X' is deduced from X as in Remark 
[331 then ^{X) =f{X'). 

Recall the definition 13.161 of the subspace DM^'^^ {X n r) generated by 
DM{Xr\r) inside C[T]. 

The group F,. = F n r is a direct summand in F containing Ff . Thus the 
group Gr, kernel of all the elements in F^,, is connected with character group 
F/F^. One gets a split exact sequence 

l^Gr_^G^ G/Gr_ 1. 

We deduce that 

R{G/Gr) = Z[FJ 
while R{G) is isomorphic (in a non canonical way) to 

Z[F] ~ Z[FJ Z[F/FJ = R{G/Gr) R{Gr). 

It is then immediate to verify that 

(15) L»M(^)(Xnr) = i?(G)«)K(G/G.)^^^(^nr) = R{Gr) ® DM{X Hr). 

p 

Since both the maps /Xj and the convolutions obviously extend to 

maps of R{G) modules, we easily deduce 
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Corollary 4.5. The sequence 

^ fi+i{X) ^ :Fi{X) ^ DM^^\Xnr) ^ 

zs sp/ii exact with splitting: 

Ti{X) = fi+i{X) © Pj^^^ * Z)M(^)(X n r). 

From this, we obtain a decomposition dependent upon the choices of the 
faces Fr_ 

(16) nX) = DM{X) © ( ®r<^s^\r^v K\r * DM^'^^X n r)) . 
One easily verifies that J^{X) can also be intrinsically defined as: 

Definition 4.6. The space J^{X) is the space of functions / G C[r] such 
that Vx\r/ is supported on a finite number of T translates of r for every 
proper rational subspace r. 

Remark 4.7. By definition, the filtration J-i{X) is defined by a condition on 
torsion or in the language of modules by support. One can verify that in 
particular DM{X) is the part supported in dimension 0, that is of maximal 
possible torsion. 

4.8. Generators of ^{X). In this subsection, we assume that a 7^ for 
any a & X. Thus every open face F produces a decomposition X = AU B 
into positive and negative vectors and can define as in ([T]): 

:= (-l)l^l(5_,^ 

Theorem 4.9. The elements V^, o,s F runs on all open faces, generate 
^(X) as R{G) module. 

Proof. Denote by M the R{G) module generated by the elements Vx, as F 
runs on all open faces. In general, from the description of J^{X) given in l4.2l 

it is enough to prove that elements of the type V-^ * g with g G DM{X Dr) 
are in M. As DM{X Or) C J-{X H r), it is sufficient to prove by induction 
that each element V-^ * 'Pxnr i^ i'^ '^h^re K is any open face for the 
system X (1 r. We choose a linear function uq in the face F,.. Thus uq 
vanishes on r and is non zero on every element a G X not in r. We choose 
a linear function ui such that the restriction of ui to r lies in the face K. 
In particular, ui is non zero on every element a € X H r. We can choose 
e sufficiently small such that uq + eui is non zero on every element a G X. 
Then uq + eui defines an open face F in the arrangement Tlx- We see that 
* V^nr is equal to T^^. □ 
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4.10. Support of Ti{X). For a fixed < i < s, take a linearly independent 
sublist . . . ibi] in X. Correspondingly we get an inclusion : Z* — s- F 

defined by jfe((ni, . . . , nj)) = X]h=i^/i^?t ^ surjective homomorphism 
jl : G ^ {S^y. We denote its kernel by G{b). This is a subgroup in G of 
dimension s — i. We define 

Definition 4.11. is the union of all the sets G{b), when b varies 

among linearly independent sublists in X of cardinality i. 

As before, normalize the Haar measure on G to be of total mass 1 and 

identify generalized functions on G and distributions on G. Call J^i{X) the 
space of distributions on G of which J^i{X). gives the Fourier coefficients. 

Then the decomposition (jl6p together with Proposition 13.26] immediatelv 
implies 

Proposition 4.12. The support of every element in J-i{X) is contained in 

Ps-^{X). 

5. Index theory 

5.1. i^-theory. We briefly review the notations for if-theory that we will 
use. 

Let G be a compact Lie group acting on a locally compact space A^. 
One has the notion of the equivariant topological K— theory group Kq{N). 
Kq{N) is a contravariant functor for proper maps and covariant for open 
embeddings. We recall that representatives of the X— theory group Kq{N) 
can be described in the following way. Given two G-equivariant complex 
vector bundles , on N and a G-equivariant bundle map f : E^ E^ , 
the support supp{f) of / is the set of points where fx'-E^^ E^. is not an 
isomorphism. A G-equivariant bundle map / with compact support defines 
an element [/] oi K^{N). 

Let f : E^ ^ E^ and g : ^ he two G-equivariant bundle maps. 
Using G-invariant Hermitian metrics on the bundles E^,F^ we can define: 

by 

f(g>l -l(g>g* 
1(g) g /* (g) 1 

The support of / 5 is the intersection of the supports of f, g thus f Q g 
induces an element in Kq(N) as soon as one of the two f,g has compact 
support. 

In particular this defines a product [f][g] := [/ g] on Kq{N). 

If = pt is a point, then i^g(pt) is isomorphic to the Grothendieck ring 
R{G) of finite dimensional representations of G. 

In general, tensor product with finite dimensional representations of G 
induces a R{G) module structure on Kq{N). Take the projection it : N —>■ 
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pt. Given r € R{G) and a € K^i,N), we have that [7r*(r) a] G K^(iV) 
and this gives a R{G) module structure to Kq{N). 
We will need also the groups defined inductively as 

K^^{N) --K'aiN xR). 

One has K^{R) = K^{pt) = 0. 

There is a natural isomorphism Kq{N) K^(^'^{N) = Kq{N x M^) given 
by Bott periodicity, that we describe below. 

• Let Whea Hermitian vector space and let E = /\W . Then, foi w eW, 
consider the exterior multiplication ■m{w) : E ^ E and the Clifford action 

(17) c{w) = m{w) — m{w)* , (m{w)(u) := w f\ u) 

of on /\ W. Then one has c(i(;)^ = — so that c{w) is an isomorphism, 

If j3 : Vl^ ^ M is a G— cquivariant complex vector bundle over a G— space 
M, we can consider also W as G— space and we have a Thorn isomorphism 

Cw : K%{M) ^ K%{W). 

In order to make this explicit, we use a G-invariant Hermitian metric on W . 
Then the fiberwisc Clifford action c{wx) '■ f\^^'^"' Wx /\°'^'^ Wx defines a 
morphism cw '■ P* /\^""'' W —>■ p* /\"'^'^ W of vector bundles over W, that we 
call the Bott symbol. Take a bundle map /:£'—> F of complex equivariant 
vector bundles on M which is an isomorphism outside a compact set, and 
denote still by / its pull back / : p*E p*F. Then / cw is a bundle 
map of bundles over W, which is an isomorphism outside the support of / 
embedded in W via the zero section. We set 

(18) Cwm = [fQcw]. 

• If F is a G-invariant closed subset of A^, denote by i : F ^ the closed 
embedding and j : N \ F ^ N the open embedding. There is a long exact 
sequence of R{G) modules: 

(19) ■ ■ ■ ^ K},{N \ F) ^ Kh{N) ^ Kh{F) ^ K^^\N \ F) ^ • • • 

5.2. Transversally elliptic operators. To define the index of a transver- 
sally elliptic operator on M, we require the following hypothesis on M. If G 
is a compact Lie group acting on M, we assume that M can be embedded 
as a G-invariant open subset of a compact G-manifold M. 

Given such a manifold M with a G°° action of a compact Lie group G, 
one has the notion of transversally elliptic operator between two equivariant 
complex vector bundles E, F on M. Such an operator is a pseudo-differential 
operator A : r(M, E) — >■ r(M, F) from the space r(M, E) of smooth sections 
of E to the space T{M,F) of smooth sections of -F, which commutes with 
the action of G, is elliptic in the directions transversal to the orbits of G 
and is "trivial " at infinity. 
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In more technical terms, let T*M denote the cotangent bundle of M and 
p : T*M — > M the canonical projection. Inside T*M, there is a special 
closed subset denoted by TqM. Its fiber over a point x E M is formed by 
all the cotangent vectors ^ ^ T*M which vanish on the tangent space to 
the orbit of x under G, in the point x. Thus each fiber {TqM)^ is a linear 
subspace of T*M. In general the dimension of (TqM)x is not constant and 
this space is not a vector bundle. 

Definition 5.3. By a symbol, one means a smooth section on T*M of the 
bundle hom.{p* {E),p* (F)): in other words, for each point {x,$,),x € M, ^ G 
T*M, we have a linear map cr{x,(,) : —>■ Fx- 

Assume first that M is a compact manifold. To the pseudo-differential 
operator A, one associates its principal symbol ap which is defined outside 
the zero section of T*M. The operator A is said to be G-transversally 
elliptic if its principal symbol is invertible for all (x,^) G TqM 

such that ^ 7^ 0. Using a G- invariant function x on T*M identically equal 
to 1 in a neighborhood of M and compactly supported, then cr{x,(,) := 
{l — x{x,£,))ap{x,(^) is defined on the whole space T*M. Furthermore a{x,(^) 
restricted to TqM is an isomorphism outside a compact G-invariant subset 
of TqM. Thus, by restriction to TqM, the symbol a defines a ii'-theory 
class [a] in the topological equivariant K -theory group Kq{TqM). This 
class does not depend of the choice of x- We still say that this class a is the 
symbol of A. 

Let G be the set of equivalence classes of finite dimensional irreducible 
representations of G, and let C[G] be the group of Z- valued functions on 
G. Let Xrig) = Tr(T((7)) be the character of the representation t £ G 
of G. We associate to an element / G C[G] a formal (virtual) character 
©(/) — '12t fi'^)^T, that is a formal combination of the characters Xt with 
multiplicities /(r) G Z. When /(t) satisfies certain moderate growth con- 
ditions, then the series @{f){g) = S,- /(''")Xt(5) converges, in the distribu- 
tional sense, to a generalized function on G. 

The index map associates to a transversally elliptic operator A an element 
of C[G] constructed as follows. For every t ^G, the space homG(r, ker(^)) 
is finite dimensional of dimension m(r, A). Thus m(r. A) is the multiplicity 
of r in the space ker(^) of smooth solutions of A. We choose a G-invariant 
metric on M and G-invariant Hermitian structures on E, F. Then A* : 
T{M,F) T{M,E) is also transversally elliptic. 

Definition 5.4. The index multiplicity of the pseudo-differential operator 
A is the function indmiA) G C[G] defined by 

indm{A){T) := m{T,A) - m{T,A*). 

It follows also from Atiyah-Singer [Ij that the series ^(''"' ^)Xt(9) 
defines a generalized function on G. Thus we may also associate to A the 
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generalized function 

ind{A){g) = ^ in(i^(^)(r)xr(5) 

T 

on G with integral Fourier coefficients. One of the main points in the index 
theory consists in showing that the index factors through the symbols and 
defines a homomorphism of R{G) modules from Kq(TqM) to C[G]. 

If j : U M is axL open G-invariant set of a compact G manifold M, 
we still denote by j the corresponding open embedding from TqU to TqM. 
Then j; defines a map from K^{T^U) to K^{T^M). The index of cr G 
Kq{TqU) is defined to be the index of The excision property of the 

index shows that this is independent of the choice of the open embedding j 
and thus allows us to define the index map also for manifolds which can be 
embedded as open sets of compact ones. 

In particular, if y is a vector space with a linear action of a compact group 
G, then V is diffeomorphic to the sphere, minus a point. Thus we can define 
the index of any a G Kq{TqV). More generally, if U is an open G-invariant 
subset of a vector space, we can define the index of a G Kq{TqU). 

The problem of computing the index can be reduced, at least theoretically, 
to the case in which G is a torus. For a given compact manifold M, one 
embeds M into a linear representation and then is reduced to perform the 
computations in the representation. 

In this article, the group G is an abelian compact Lie group. An irre- 
ducible representation a of G is a one dimensional complex vector space L^, 
where G acts via a character Xa ^ -S"^, so that G is identified with the 
abelian group of characters, denoted by F. 

Definition 5.5. Let X be a finite list of elements of F. Define the complex 
vector space 

(20) Mx ■- ®aexLa. 

The space Mx is a G-manifold and our goal is the determination of 
Kq{TqMx)- The basic tool that we shall use is the space of functions 

DM{X) on F. 

Remark 5.6. Let G be a torus acting on a real vector space M without fixed 
non zero subspace. Then M can be given a complex structure, so that the 
G-manifold M is isomorphic to the space Mx for some list X of weights. It 
will be clear that our description of Kq{TqMx) depends only of the list X 
up to signs. 

5.7. Examples of transversally elliptic symbols. Let M be a real vec- 
tor space provided with a linear action of a compact abelian Lie group G, 
which we may assume to be orthogonal with respect to some chosen Eu- 
clidean structure {v^w). Let U be the Lie algebra of G. We assume that 
there exists u & U such that the infinitesimal action p(u) of u on M is 
invertible. Such a u will be called regular. Since — p(n)^ is a symmetric 
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and positive operator, in particular it is semisimple with positive eigenval- 
ues and we can take its unique square root with positive eigenvalues. We 
choose on M the complex structure Ju = p{u) / {— p{uYY/'^ . This complex 
structure depends only of the connected component F of n in the space of 
regular elements. The given Euclidean structure is the real part of a positive 
Hermitian structure {v^w) +i{v,Juw) for which the action is unitary. Let 
us write M = (BaexLa, where X is the list of weights of G in the com- 
plex vector space M. The connected components of the space of regular 
elements are the open faces of the arrangement fix- By definition of the 
complex structure, all weights a are positive on n € [/. We can then define 
the generalized functions Q^^{g) on G as explained in subsection 13.81 

• The tangential Cauchy-Riemann operator. With the given Her- 
mitian structure on M, let S be the unit sphere of M. Let P(M) be the 
complex projective space of M. Consider on S the differential operator 5 
acting on the pull back of the Dolbeault complex on the associated projective 
space P(M) using d+d* : Yl ^ E Then (5 is a G-transversally 

elliptic differential operator (the tangential Cauchy-Riemann operator) on 
S. Indeed, using the Hermitian structure, identify T*S with its tangent 
bundle TS C TM, the subspace Hp of T*S orthogonal to the line MJnP is 
then identified to the complex subspace of M, orthogonal under the Her- 
mitian form to p. We call it the horizontal cotangent space. The symbol of 
6 is ct(p, ^) = c(^^) where is the projection of ^ on Hp, and c the Clifford 
action of Hp on /\ Hp. This morphism is invertible if ^ 0. We have also 
Hp © Wp{u)p = TpS, as the eigenvalues of —iu on M are all positive. Thus 
we see that (t{p,S) restricted to TqS is invertible outside the zero section. 

The following formula is proven in [1] (Proposition 5.4). 

Theorem 5.8. Let M he provided with the complex structure Ju and let 5 
be the tangential Cauchy-Riemann operator on the unit sphere of M . Then 

index{5){g) = g'^HQ-/ {g) - Q^ig)) 

where ax = EaGX 

Proof. We recall briefly the proof. Let be the circle group acting by 
homotheties on M. We decompose solution spaces with respect to characters 
t ^ t"" of (S^. The group G acts on P(M) and on every line bundle 0{n) on 
P(M). Thus the index as an index oi G x is the sum of the index of G 
in the cohomology on P(M) of the line bundles 0{n). Define Xnig) as the 
virtual character (as a representation of G) in the virtual finite dimensional 
vector space X;(-l)*i?°'^(P(M), 0(n)). Then 

index{6){g) = "^Xnig)- 

Let us show that 

(21) ^xn(5) = (-i)i''i5'^"e/(5), 

n>0 
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(22) 5^xn(5) = (-i)i''i+V"e^(5). 

n<0 

For n > 0, (9(n) has only 0-cohomology and H^'^{¥{M), 0{n)) is just the 
space of homogeneous polynomials on M of degree n. So J2'^=o /t" 
character of the symmetric algebra 5[M*] = n^gj^5[L_a]. The function 
YlT=o9~''°^ is the character of the action of G in S[L^a]- The function 
is the product of the functions —g~^ Tlk=Q9~^'^- Thus we obtain Formula 
()2ip . On the other hand, if n < 0, we have two cases. If — 1^| — 1 < n < — 1, 
then H^'^{W{M), 0{n)) = for every i . Otherwise we apply Serre's duality 
and we obtain the second equality (122]) . 

□ 

• Atiyah-Singer pushed symbol. We identify T*M with M x M, using 
the Hermitian metric on M. Let c{v) : f^^""^^ M — > f\^'^ M be the Clifford 
action ()17p of M on /\M. Given, as before, a regular element u in the Lie 
algebra of G and letting p(u) denote its infinitesimal action on M, we define 

Definition 5.9. 

Atu{v,0 = c{^ + p{u)v). 

The morphism Atu{v,(^) is invertible except if ^ + p{u)v = 0. If further- 
more ^ is in TqM, ^ is orthogonal to the tangent vector p{u)v. Thus the 
support of Atu{v,(^) restricted to T^M is the unique point w = 0, ^ = 
and Atu determines an element of Kq{TqM), which depends only of the 
connected component F of u in the set of regular elements. We denote 
it by Atp. The index of Atp is computed in [T] (Theorem 8.1). In more 
detail, in the Appendix of [4j, it is constructed an explicit G-transversally 
elliptic pseudo-differential operator A on the product of the projective lines 
F{La © C). If j : Mx riagx ^i^a © C) is the natural open embedding, it 
is shown that j^:{AtF) is homotopic to the symbol of A. By definition, the 
index of Atp is that of A and one has the explicit formula: 

Theorem 5.10. Let M be provided with the complex structure Ju and let 
Atp e K%{T^M) he the "pushed" d symbol. Then 

mdex(^ti.)(5) = (-l)l^l5"^e5(5). 

5.11. Some properties of the index map. We now recall briefly some 
properties of the index map: Kq{TqM) C~°°{G) that we will use. Here 
again G is an abelian compact Lie group and M a G-manifold, which can 
be embedded as a. G-invariant open subset of a compact G-manifold M . 
This hypothesis on M is in place in the rest of the article. It is stable under 
the following operations: 

i) If U is an open G-invariant subset of M, then U satisfies our hypoth- 
esis. 

ii) If 1^ is a real vector space with a linear representation of G, then 
M X W satisfies our hypothesis. 
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iii) Let if be a closed subgroup of G. Let M be a space with H action, 
open if- invariant subset of a compact //-manifold. Let N = GxhM he the 
G space with typical fiber M over G/H. Then satisfies our hypothesis. 

We now list some properties of the index. 

i) Any element a € Kq{TqM) arises from the restriction to TqM of 
a G- bundle morphism a{x^^) : Ex — > Fx, such that supp{a) H TqM is a 
compact set. Here E,F are G-equivariant complex vector bundles over M. 

ii) If j : ^ M is an open embedding, the map j* : Kq(TqU) — s- 
Kq{TqM) is compatible with the index. 

iii) Let be a real vector space with a linear representation of G and W 
be the dual vector space. We identify TW = W x W with Wc by {v, w) — 
v + iw. Furthermore, we identify TW = WxW with T*W = Wx W' using 
an Euclidean structure on W. Thus the Bott symbol cwci^ + ^0 acting on 
/\ Wc defines a G-equivariant elliptic symbol on W. Its G-equivariant index 
is identically equal to 1. 

Let i : N ^ N X W he the injection of a G-manifold N into N x W. 
Then we obtain a map h : K%{T^N) K%{T^{N x W)) given at the level 
of symbols by cr i—s- o" cwc- The index of a is equal to the index of i\a. 

iv) In case W = with the trivial action, T^{N x R) = T^N x r*M 
and thus i\ is an isomorphism by Bott periodicity. 

v) Let H he & closed subgroup of G. Then there is a surjective map 
G ^ H induced by the restriction of characters. The dual map induces an 
injection Indg : C[H] ^ C[G]. 

Let M be a space with H action (open subset a compact //-manifold), 
and \el N = G Xh M he the G space with typical fiber M over G/H. It is 
easy to see that there is an isomorphism 

(23) i% : KUT*hM) - KUT*gN) 
and, by ([l]. Theorem 4.1), for any a G K^h{T^M), 

(24) indm{i%{cF)) = Ind^(mdm(c7)). 

We shall also need the following simple consequence of the previous facts: 

Lemma 5.12. Let G he a compact Lie group and x '■ G ^ be a surjective 
character. Set H := ker x be the kernel of x- 

Take a manifold M over which G acts and consider the product C* x M , 
with the action of G on the first factor induced by x- 

There is an isomorphism 

(25) k : K'h{ThM) ^ K'g{T^{C* x M)). 

Moreover, if a £ K^{T^M) , we have indm{k{a)) = Ind^(mdm(o"))- 

Proof. Since C* = 5^ x M+, we get by iv) that the inclusion i : x M ^ 
C* X M induces the isomorphism 

i, : Kh{Th{S' X M)) ^ kUt*g{C* x M)) 
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which at the level of K is compatible with the index. 

On the other hand, the space G xh M identifies with x M via the map 
[g,m] 1-^ [x(5'))5 ' "^l- So (f23l) gives us the isomorphism 

ig : KUTUM)) - Kh{T*a{S^ x M)). 

If cr G K%{T^M), then indmii^icr)) = Indg(mdm(a)) by Formula ([Ml) • 
Thus we can take k := □ 

6. EQUIVARIANT i^-THEORY AND DAHMEN-MiCCHELLI SPACES 

This section contains the main results of this paper, that is Theorem 16. 161 
and Theorem 16.201 

6.1. Two exact sequences. Let G be, as before, a compact abelian Lie 
group of dimension s and Mx ■= (BaexLa as in ([20]) . We assume that X is 
a non degenerate list of characters of G. 

Given a vector v £ Mx, its support is the sub list of elements a € X such 
that V has a non zero coordinate in the summand La- 

If Y is the support of v, an element t of G stabilizes v if and only if t*^ = 1 
for all a E y. If y spans a rational subspace of dimension k, the G— orbit 
of V has dimension k. 

For any rational subspace r, we may consider the subspace Mr ■= ©aexnr-^a 
of Mx. We set 

■= ^r&s<^)^r, M>i := Mx \ M<i„i, 

(26) Fi := M<i \ M<i_i = M>i \ M>i+i = M<i n M>i. 

Notice that 

Mx = M>o D M>i D M>2 D • • • D M>^ := M^. 

The set M<i is the closed set of points in M with the property that the 
orbit has dimension < i while M>j is the open set of points in M with 
the property that the orbit has dimension > i. The set Fi is open in M<j 
and closed in M>j and it is the set of points in M whose orbit under G 
has dimension exactly i. In particular, Fg = M>s = M^ is the open set 
of points in M with finite stabilizer under the action of G, which plays a 
particular role. 

Given a rational subspace r, we have denoted by Gj^ the subgroup of G 
joint kernel of the elements in F n r. The group Gr is a torus and acts 
trivially on M^ := ©aexnr-^^a inducing an action of G/Gr- 

Definition 6.2. We define the set F{r) to be the open set of M^ where 
G/Gr acts with finite stabilizers. 

In other words, the connected component of the stabilizer of an element 
of F{r) is exactly the group Gj^. 
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Remark 6.3. By definition of Gr, the set F{r) is non-empty. The set Fj is 
the disjoint union of the sets F{r) as r runs over all rational subspaces of 
dimension i. Thus the space Mx is the disjoint union of the locally closed 
strata F{r). 

We now analyze the equivariant K theory of TqM-^. 

Let a E X be an element of infinite order so that the homomorphism 
g°- : G ^ S"^ \s surjective. Set Z := X\ {a} and Ga '■= ker g"-. Denote by Z 
the list of the restrictions to Ga of the elements of Z. For v £ Mx, denote 
by f a G C its coordinate in La with respect to a choice of a basis of the one 
dimensional vector space L^. 

The set m| := {v e M^ \va = 0} is closed in M^. Denote by i : M^ ^ 
the closed embedding and by j : M^ \ M^ —>■ M^ the open embedding 
of the complement. 

Lemma 6.4. There exists an isomorphism 

k : KhST^K) ^ Khirmi \ Mi)). 

Ifa£K9, (T;. mI), we have indm(k(a)) = Ind^ (indm(cr)). 

Proof. Take an element {va,w) £ LaX Mz with Va ^ 0, its stabilizer in G is 
the subgroup of Ga stabilizing w, therefore the space Mi^\M^ is isomorphic 
to C* X Ml. Thus we are in the setting of Lemma I5.12[ □ 

For a real vector space W ^ we shall denote by W its dual. Consider the 
projection p : TqM{^ ^x- Then p~^Mi is a closed subset of TqM^^ C 
X M'^ and T^M^- \ p-'^M^ is equal to T^iM^- \ m|). We use the 
same notations i,j also in this setting for the closed and open embedding 
associated. Remark the following fact. 

Lemma 6.5. i) We have p'^M^ = T^M^ x L'^. 

a) We have an isomorphism Ga ■ KQiTQM^) Kq^p^^M^). 

Proof. The first assertion is immediate to verify. The second follows from 
the first and Thom isomorphism. □ 

The first theorem is: 

Theorem 6.6. i) K^iT^M^^) = 0. 

a) If a £ X has infinite order, there is a short exact sequence: 

(27) - K^oST^Mf^) K%{T*^Mf,) ^C^* K^ciT^M^) - 0. 

Proof. If G is finite, then Mj^ = Mx and the first statement is Bott period- 
icity while the second statement does not exist. So we assume that G has 
positive dimension. Therefore we can choose a € X of infinite order. By 
induction we can assume that Kq^TqM^) = = Kq^{TqM^). 
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If Z is degenerate, then is empty, j is the identity and our claims 
reduce to Lemma |6.4[ Otherwise both statements follow from Lemma 16.41 
Lemma 16.51 and the long exact sequence of /C— theory. □ 

We choose an Hermitian product (w, w) on Mx and we identify the (real) 
vector space , dual to Mx , with Mx using the real part of the Hermitian 
product. Thus T*M^ is identified with M^ x M'^ , where is the 
space Mx with the opposite complex structure, so that T*Mj^ is a complex 

vector bundle over Afj^. The following proposition allows us to reduce the 

f f 

computation of the equivariant X-theory of Mi^ to that of TqM^. 

Proposition 6.7. i) A'J^'^(Mj^) = 0. 

ii) There is a natural isomorphism: Kq{M^) — > Kq{TqM^). 

Proof. Let M be a manifold with an action of G. Assume G has finite 
stabilizers on M. We claim that, for every i, there is a natural isomor- 
phism between K^(t^{T^M) and K}.{T*M). In fact the infinitesimal action 
of Lie(G) determines a trivial vector bundle L in TM. Using a G-invariant 
Riemannian structure on M, we identify T*M with TM so that TqM is 
identified to the orthogonal of L. Thus we have the product decomposi- 
tion TqM X Lie(G) = TM. In this decomposition G acts trivially on the 
s— dimensional factor Lie(G). We can apply Bott periodicity 

K%T^M = K^TM, K^T^M = K^^TM. 

In our case, T*Mj^ is a complex vector bundle over M^, so we can apply the 
Thom isomorphism for this bundle and we obtain, using Theorem 16.61 that 
K^(Mj^) is isomorphic to K^{T^Mj^) and that K^+^(M^) vanishes. □ 

For a rational subspace r, the action of G on F{r) factors through G/Gr 
and, with respect to this action, F(r) = M^^^^. Thus 

In particular, by Theorem 16. 6^ we deduce that KQ{TQF{r)) = 0. 

Now set f^F{r) := T^Mx\F{r), the restriction of T^Mx to F{r). We 
see that TQF{r) = TQF{r) x Mj^y, so we have a Thom isomorphism 

Cr : K^GiT^FiD) ^ i^o (faF(r)), K^(raF(r)) = 0. 

Choose < i < s. We pass now to study the G-invariant open subspace M>j 
of M. The set M>j+i is open in M>j with complement the space Fi disjoint 

union of the spaces F{r) with r € S^K Denote by T^-Fi the restriction of 
TqM to Fi, disjoint union of the spaces f^Flr). Denote j : M>j+i M>i 
the open inclusion and e : T^i^j — > TqM-^^ the closed embedding. Let Q 
be the Thom isomorphism from KqITqF^) to KQ{TQFi) direct sum of the 
Thom isomorphisms C^. 
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Theorem 6.8. For each Q <i < s — 1, 

%) Kl,{T^M>i) = 0. 
ii) The following sequence is exact 

(28) ^ K° (TaM>,+i) ^ K^GiT^M>,) ""C"' K%{T*aFi) ^ 0. 

Proof. Since M>s = we can assume by induction on s — i that i) holds 
for each j > i. Also by Theorem 16.61 i) we get that KQiTQFi) = for each 
< i < s — 1. Using this both statements follow immediately from the long 
exact sequence of equivariant K-theory. □ 

Remark 6.9. The fact that the sequence (I28p is exact is proved in [l] using 
a splitting. We will comment on this point in Section [71 

6.10. Two commutative diagrams. Let be a complex representation 
space for G. Recalling the structure of R{G) module of the equivariant 
X-theory, the multiplication by the difference _/V — /\° will be 

denoted by /\_iN ® —. This is by definition the action of the element 
detAr(l — g) £ R{G) on the equivariant A'-theory. 

Lemma 6.11. Take a suhlist Y in X and decompose Mx = Mx\y ® My- 
Let U be an open G-invariant set contained in Mx\y ^ {My \ {0}). Then 
ifae K'q{U) ora e K}.{T^U), we have A_i My (g) ex = 0. 

Proof. We give the proof for U , the case of TqU being identical. 

Take v & U and decompose it as u = vx\y + with vx\y ^ Mx\y 
and vy € My- The component vy is not zero by assumption. Consider the 
complex G-equivariant vector bundle Vy = U x My on U. Set now 
U X My, E~ = U X /\^'^ My. Choosing an Hermitian metric on My, 

for every u G My, we get the Clifford action c(m) : My — > /\° My 

of My on /\ My, which is an isomorphism as soon as u 7^ 0. 

Going back to our bundles E^ , E~ , for every e G [0, 1], define the bundle 
map : E"^ — E~ by 

Ce(f,u;) = {v,ec{vy)u;). 

If C7 G K%{U), the element /\_iMy cr G K^iU) is represented by 
the morphism Cq cr, homotopic to Ci a. This last bundle map is an 
isomorphism since vy ^ on U. This implies that f\_^ My cj = 0. □ 

We apply this to the open set Mj^ where G acts with finite stabilizers. 
If y is a cocircuit, Mx\y H M^ = 0, thus A_i My a = for ah a G 

K'^{T*M^). As the index map is a R{G) module map, this implies that for 
cocircuit Y, the generalized function index{a){g) on G satisfies the equation 
n^gy(l — g"')index[a){g) = 0. The function indm{cr) on G is the Fourier 
transform of the function index{a). It follows that Vyindmio') = 0. 
Thus we obtain 
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Corollary 6.12. The multiplicity index map indm maps K^{T^Mj^) to the 
space DM{X). 

More generally the same argument shows that 

Corollary 6.13. Choose < i < s. If a e K^iT^M^i) and t is a rational 
subspace of dimension strictly less than i, then f\_^ Mx\t (8) cr = 0. 

Let us now split X = AliB and Mx = Ma®Mb. Let p : T^Mx Mx be 
the projection and consider TqMa ■= p~^Ma- We have TqMa = TqMa x 
M'q. In particular, wc get a Thom isomorphism 

Cm'^ ■■ K%{T*aMA) ^ K%{T*aMA) = K^ciT^MA x M'^). 

Denote by i the closed inclusion Ma Mx, and, by abuse of notation, 
also the inclusion TqMa Tq^^ above i. Then i induces the morphisms 
i* : K%{T^Mx) ^ K%{T^Ma) and i^ : K%{T^Ma) ^ K%{T^Mx). Com- 
bining these 3 maps, we claim that 

Lemma 6.14. Take a G K%{T^Mx), then i\C'^,J,*{a) = A_i Mb a. 

Proof. Since we are working on vector spaces, we can assume that all vector 
bundles are topologically trivial. Thus wc can represent a as given by a vari- 
able linear map a{v, w,^,r]) : E ^ F where F are complex representation 
spaces, V G Ma,w G Mb,C G -^A'^ ^ ^'b- ^ restricts to an element 

a := i*a in Kq{TqMx\Ma) which is represented by the map a{v,0,^,r)). 
Since TqMx\Ma = TqMa x M^, the element a is equivalent to c^f^ g*r, 
where q : TqMa x M'^ TqMa is the projection, r a transversally elliptic 
symbol on Ma and cj^f/^ the Bott symbol with support the zero section of 
the bundle TqMa x M'^ on TqMa- Thus we have to show that /\_^ Mb a 
and i\{T) are homotopic. 

By definition, a representative of the symbol i\{T) on Ma x Mb is the 
product of the symbol CMb^kC by the symbol q*T. As CMb^rC = 0Cm^ , 
we see that i\ (r) = q*T cmb © Cm' = cr cmb ■ 

As we have seen before, the symbol defined as /\_^ Mb®(t on the manifold 
Ma X Mb is homotopic to the element cmb © Now consider the symbol 
a{t){v,w,^,r]) = a{v,tw,$,,r]) on T*M. The intersection of the support of 
cmb 0c(i) with TqM stays compactly supported for all t. Indeed its support 
remains constant: this is the intersection of the support of a with TqMa- 
So we obtain the desired homotopy between /\_^ Mb (T = cmb © <^(1) and 
i\{T) = cmb © <^(0) and the claim follows. 

□ 

With the previous notations, X = A[JB,i: T^Ma x ^ T^Mx- 

CoroUary 6.15. Take o G K%{T}.Mx)- Letao = C"! G K^{T^Ma)- 
Then, we have the equality of generalized functions on G: 

detMB^^ ~ 9)iiT'dex{a){g) = index{ao){g). 
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We are now ready to compare the exact sequence (I27p with the exact 
sequence given by Theorem (j3.17p using the index. We get 

Theorem 6.16. The diagram 

indm 

— > DM{Z) DM{X) — ^ DM{Z) 

is commutative. Its vertical arrows are isomorphisms. 

In particular, the index multiplicity map gives an isomorphism between 
K^{T^M^) andDM{X). 

Proof. We start by remarking that, by Corollarv l6.12t all the vertical maps in 
our diagram are indeed taking values in the corresponding Dahmen-Micchelli 
spaces. 

So we need to show commutativity. To prove the commutativity of the 
square on the right hand side, using Fourier transform, we need to prove 
that (1 — g°')index{a){g) = index{C~^i*{a)){g). 

From the symbol a on Mj^, an open set in Mx, we deduce a symbol 
on Mx with same index, by the excision property of the index. Thus the 
commutativity follows from Corollary 16.151 applied to A = Z, B = {a}. 
As for the square on the left hand side, since is an open embedding, it 
preserves indices. The statement thus follows from Proposition 16. 4i 

By induction we can then assume that the two external vertical arrows are 
isomorphism so, by the five Lemma, also the central one is and everything 
follows. □ 

Summarizing we have isomorphisms 

Kg-^M^) ^ K^(TaM^) = 0, K^ciMj) = K%[T*aMf,) ^ DMjX). 

Let us make two obvious remarks on the isomorphism i^^(T(i,M^) = 
DM{X). 

Remark 6.17. The space K^{T^Mj^) depends only of the manifold Mx 
considered as a real manifold. By Remark 13. 5^ the space DM(^X) depends 
only of the list X up to change of signs. 

Remark 6.18. If U is a G manifold, the index of an element a € Kq{TqU) 
is a generalized function supported on the set of points g & G such that g 
has a fixed point in U. 

We have seen in ^3.23l that Fourier transforms of elements in DM(X) are 
supported on the finite set of points P{X). This is in agreement with the 
fixed point philosophy that we just recalled. In fact, an element g (z G has 
a fixed point v in Mj^ if and only if 5 € P{X). Indeed if 5 € -P(^); there 
exists a basis boiV extracted form X with g^' = 1, for all bi G b. Thus any 
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element v G Mx with non zero coordinates on each L;,. is fixed by g, and is 
in M^. 

We now come to our next commutative diagram. 

Lemma 6.19. For each s > i > 0, the index multiplicity map indm sends 
K%{T^M>i) to the space Pi{X). 

Proof. Recah that J-i{X) is the subspace in J-{X) such that ^ x\tf — for 
ah t G S'fr'^\ Denote by t : TiiX) J^(X) the inclusion. 

By Corollary Eia if cj G K^{T^M>i) and t is a rational subspace of di- 
mension strictly less than i, we have Mx\t®o' = 0. Thus V x\t'i'ndm{o') = 
0. It follows that the only thing we have to show is that, if ct G Kq(TqMx), 
then indmic) lies in T{X). Take a rational subspace r. By Lemma [6.14( the 
index of f\_^ Mx\r ® c equals the index of an element ctq G -K'^(T^Mxnr)- 
But the action of G on Mxnr factors though the quotient G/Gr whose char- 
acter group is r,. Thus i^o (r*Mxnr) = i?(G)0«(G/G^)i^S/G^(^G/G.^^nr), 
hence S/ x\r'>'^dm{cr) = indm{(^o) lies in R{G) ®R[G/Gr) ^\^t\ as desired. □ 

Our second commutative diagram and main theorem characterizes the 
values of the index on the entire Mx- This time, we use the notations and 
the exact sequences contained in Theorem 16.81 and Corollary 16.151 

Theorem 6.20. For each < i < s, 
• the diagram 

^ (r*M>i+i) K^{T*M>i) K^iT^Fi) ^ 
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ind„ 



o^j^i+i(x) Ti{x) e^g^w^M(^)(xnr:)^o 

commutes. 

• Its vertical arrows are isomorphisms. 

• In particular, the index gives an isomorphism between Kq{TqMx) 
and T{X). 

Proof. Lemma 16.191 tells us that the diagram is well defined. We need to 
prove commutativity. 

Again, we prove that the square on the right hand side is commutative 
using Corollary 16.151 The square on the left hand side is commutative since 
J* is compatible with the index and d. is the inclusion. 

Recah that K%{T^Mxnr) = R{G)®R(^G/G^)K%/aJyT*^/G,_^xnr_) and that 

DM^^\X n r) ^ R{G) «)j?(g/g.) DM{X n r). Using Theorem [6T6l this 
implies that the right vertical arrow is always an isomorphism. 

We want to apply descending induction on i. When i + 1 = s, since 
M>s = Mj^ and Ts-i{X) = DM{X), Theorem EH] gives that the left 
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vertical arrow is an isomorphism. So assume that the left vertical arrow 
is an isomorphism. We then deduce by the five Lemma that the central 
vertical arrow is an isomorphism and conclude by induction. □ 

Remark 6.21. Fourier transforms of elements in J-'i{X) are supported on the 
closed set Ps-i{X) described in Proposition 14. 12l This is again in agreement 
with the fixed point philosophy that we recalled in Remark 16. 181 In fact, an 
element g G has a fixed point v in M>j if and only if S Ps-i{X). 

7. Generators of K^{T^Mx) 

In this section, we show that the generators of J^iX) constructed in Sec- 
tion 14.81 corresponds via the index map to the generators of K^{T^Mx) 
constructed by Atiyah-Singer in [1]. 

We assume that X does not contain any element of finite order. This 
is harmless as otherwise we need only to tensor our results with the Bott 
symbol on ®aertLa- 

Recall that, given a manifold M, a way to construct elements of Kq{TqM) 
is to take a closed G— manifold embedded hj i : N ^ M. Then we have 
a map : K^{T*N) K%{T^M). 

For our case M = Mx, we shall take the following manifolds. Take a 
flag cj) of rational subspaces = Tq C r ^ C £2 C • • • C with dim(rj) = i 
(and s = dimG). Consider then the spaces Ei := ®ae(xnr.)\r _ -^a- We 
choose an orientation for each and divide the set of characters Zi := 
{X n Tj) into positive and negative elements Ai,Bi. Accordingly, we 

change the complex structure on each Lf, for which b is negative into its 
conjugate structure. Let A be the union of the sets Ai and B the union of 
the sets Bi. Choose a G- invariant Hermitian metric hi on Ei and consider 
the unit sphere Si{hi) on Ei. The product S(j,{h) = Y[i=i Si{hi) is a closed 
submanifold of Mj^ . 

The tangent space at a point p of S^{h) decomposes as a vertical space 
generated by the rotations on each factor Ei and the horizontal space Hp, a 
lift of the tangent space to the corresponding product of projective spaces. 
The horizontal space is a Hermitian vector space. The tangential Cauchy- 
Riemann operator d^j, is a differential operator on S^{h), the product of the 
operators 5i described in Subsection 15.71 The index of 5^ is the product of 
the indices of 5i . 

Let C(j,{p,^) = c(^^) be the Clifford action on /\ Hp of the projection of 
^ on the horizontal tangent space Hp. 
We then have [l] the following theorem. 

Theorem 7.1. 

In fact Ctf) = ci Q C2 Q ■■■ Q Cg is the external product of the symbols q of 
the operators 6i. 
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Let i(f, be the closed embedding of S^{h) in M^. We can then give an 
"easy" proof of the following theorem of Atiyah-Singer (Theorem 7.9 of [1]) 

Theorem 7.2. Let he the closed injection of S(j){h) to Mx- Then the 
elements {i,f,)\c^ generate Kq{TqM^) . 

Proof. This follows from Theorem 13.221 giving generators for DM{X), and 
the fact that the index multiplicity map is an isomorphism onto DM{X) . □ 

Remark 7.3. In fact Theorem 13.221 gives a basis of the space DM{X), so 
that the previous theorem can be refined accordingly. 

According to ^5.71 if we consider Mx as a real representation of G, each 
connected component F of the space of regular elements u (z U = Lie{G) 
gives us a complex structure Jp on Mx and a corresponding "pushed" sym- 
bol Atp with index{AtF){g) = {-l)^^^g'^'^eA('QF (Theorem ElO]). 

Theorem 7.4. The symbols Atp e K%{T^Mx), wh ere F varies over all 
open faces of the arrangement Tix , give us a set of generators for Kq{TqMx) 

Proof. This follows from Theorem 14.91 giving generators for the space J-{X), 
and the fact that the index multiplicity map is an isomorphism onto J-{X). 

□ 

Remark 7.5. After checking naturality axioms, Theorem 17.41 reduces the 
proof of the cohomological index formula given by [4j or to the case of 
the symbols At p. So Theorem 17.41 is crucial in establishing a cohomological 
formula valid for any transversally elliptic operator. 

Remark 7.6. Consider the exact sequence in Theorem 16.81 

^ K%{T^M>i+i) h K^{T^M>i) ^C"* KliT^Fi) ^ 0. 

In [l] , the exactness of this sequence is proved using a splitting. We recall 
the proof of [l] for i = s — 1, the proof for any < i < s being identical. 
Consider r of codimension 1 and write Mx = Mxnr © Mx\r- Choose a 
regular element Ur vanishing on r. We modify the complex structure on 
Mx\r SO that all the weights of G on Mx\r are positive on Ur- We then 
construct the corresponding "pushed" d symbol on Mx\r- 

Atu{v,0 =c{^ + p{u)v). 

Here w,^ € Mx\r, and the operator c is the Clifford action of Mx\r on 

AMx\r- 

Denote by p, q the projections of Mx = Mx\r x Afxnr on the two factors. 
Consider Mxy x Mxnr as a G x G manifold. We use now the general 
multiplicative formula Theorem 3.5 of [IJ, applied to the groups G x G. 

If T is a G-transversally elliptic symbol on F{r), then a := p*Atu 
q*T is a G (8) G-transversally elliptic symbol on Mx\r x F{r) with index 
the product of the two indices on G x G: index{p*Atu Q*T){gi, g2) = 
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index{p* Aty){gi)index{q* T)[g2) ■ Now, consider G embedded as the diago- 
nal in G X G. As T is G/Gr transversally elliptic, and Atu is G{r) transver- 
sally elliptic, the symbol a remains G-transversally elliptic. We thus obtain 
that p* Atu (?*T is a G-transversally elliptic symbol on Mx with index the 
product of the two indices. Let us restrict a to T^Mx|F(r)- This space is 
the product TQF{r) x M^y^ and thus, for each point in this product, the 
vector V = and the symbol p*Atu coincides with the Bott symbol Cj^f 

In other words, by definition of the isomorphism Cr, the restriction e*(cr) to 
T^Mx is a (r). 

Thus we see that C~^e*{a) = r, so that C~^e* is surjective and the map 
r I— > p*Atu q*T is the desired splitting. 

Finally remark that this splitting corresponds, under the index isomor- 
phism, to the splitting of the spaces J^i{X) using convolution by the partial 

F 

partition functions V^^. This follows from the explicit computation of the 
index of the pushed symbols in the multiplicative formula which we have 
previously recalled. 



8. Back to partition functions 
Assume G is a torus and let Mx '■= (BaexLa- 

Let Cone{X) := {J2aex ^aO- 1 > 0} be the cone generated by X in V . 
Assume Cone(X) is a pointed cone so that we can consider the partition 
function Vx- This partition function counts the number of integral points 
in the partition polytope P{X) := {ta-,ta € K>0; I Yla^a^ ~ 

Let Vsing be the union of the cones Cone(y) generated by the sublists Y 
of X which do not span V . A connected component of F \ V^ing is called a 
big cell. Recall [6] that the partition function Vx coincide on a big cell c 
with an element of DM{X) denoted by Vx- 

Consider the moment map ^x '■ Mx V given by fJ-xi^) = XlaeA: IbalP*^- 
Then nx is a proper map. If f G Cone(X) is in a big cell c, v is a regular 
value of fxx, and the manifold Pt, := Hx^{v) is a compact closed submanifold 
of . We recall that M(c) := Py/G is a toric manifold which depends 
only of c. 

A neighborhood of in M^ is isomorphic to the product V x Py, so 
that we have KQ{Py) ~ KfjiUv). Via the open embedding Uy -^x> we 
obtain a map rriy : KQ{Py) Kq{M^). 

Let ly be the trivial bundle over Py. It is easy to see that the element 
my{Iy) € K^{M^) depends only of the big cell c where v leaves. We denote 
it by Ic. 

Recall the isomorphism r : Kq{m{^) DM{X) given by combining 
16.71 and the index map 16.161 The following theorem will be proved in a 
subsequent article. 
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Theorem 8.1. i) When c runs over all big cells contained in Cone(X), 
the elements Ic generate Kq[M^^) as a R{G) module. 

ii) We have r{I^) = V^- 

The proof of the second item of this theorem follows right away from the 
free action property of the index when the toric manifold M(c) is smooth. 
Indeed, choose an Hermitian structure on Mx- The space TqP^ has the 
structure of an Hermitian vector bundle. Its fiber at the point p ^ \s 
isomorphic to the "horizontal tangent space" Hp. As in Example 15.71 we 
can construct the transversally elliptic symbol cr^(p, = where £} 

is the projection of on Hp and c the Clifford action of Hp on A.Hp. Via 

the closed embedding i^ : ^ -^X' obtain an element {iv)\{(yv) in 
K^{TqM^). Thus the element r{Ic) is the index multiplicity of (jy. 

Assume M(c) smooth. Then P^ Pv/G is a principal bundle. If A € A, 
we obtain a holomorphic line bundle 0(A) = P^ xq Cx over M(c). By the 
free action property of the index, indm{o'v){^) is the virtual dimension of 
the space ^^^*^^'^^(— l)*i7'''*(M(c), 0{X)). This dimension is polynomial in 
A. On the other hand, when A € c, H^'^{M{c),0{X)) vanishes if i > and 
H^'^{M{c), 0{X)) is the number of integral points in the partition polytope 
P(A), which is given by the function Px(A). 

When M(c) is an orbifold, we deduce Theorem 18.11 from the general coho- 
mological index theorem for transversally elliptic operators. We will discuss 
this point in a subsequent article. 
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